Appendix

Chr. Huygens
Tome XIV. pages 116-150

1665

8§12

July 1665

A plays heads or tails against B; the two players wast by turn under the
condition that the one who brings forth tails will ma#ch time a ducat, but who
casts heads will take all that which is set; and Aaat first, when one has yet
set nothing. And it is understood that the game willerat before something has
been set, and removéd.

1 This Appendix is taken from pages 63-74 of Manuscript C. Thages were numbered
from 19 to 30 by Huygens.

2 This paragraph contains the solution of the problenthengame of heads and tails,
proposed by Huygens to Hudde in a letter of 4 April 1665.

3 The last phrase is lacking in the enunciation of tleblpm sent to Hudde.
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Let be supposed that the one who must cast when notamgel been set,
neither by one, nor the other, loses , that isato s

( —a ofthe one who has set)  againsi )
+0b 0 1
+c 1 1
+d 1 2
+e 2 2

let the advantagg +f 9 3 » and who must cast.

+g 3 3
+h 3 4
+1 4 4

|tk 4 5

(It would merit more to propose the question by adding oimeliion that A and
B would have set each a ducat. Then one will find thatadvantage of A is
worth% of a ducat, as we have calculated on the faligwiage® )

Now, since one wins precisely as much as the otlsess)at follows that the
advantage of B, who has set 0 against O, the otherstobefore, is equal to
+ a. And likewise the one

4 See page 123.
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who has set 1 against O, the other to cast beforehavie —b , because the one
who casts has- b and thus consecutively.

Now, as for the one who casts first when thereeisOsagainst 0, on which
the advantage was posed , if he casts heads he hasrtb@dvantage as the
other has now, that is to saya ; but if he casts telmust set 1 against 0, and
the other will cast, that is to say he will havé Thus therefore-a is equivalent
to a chance to have-a and 1 to have . Consequefatly “T*b theby
second proposition of our Calculus in the games of chahdewise one can
easily imagine that+ b , that is to say the advantagieone, who has set 0
against 1 and who must himself cast, is equal to 1 chanceive one ducat,

which we will represent byA , and one chance to haveOne has therefore
b= 4-c
2

One has likewise ¢ =1 to A and to—d. Therefore = ¥
One has likewise d =1 to 2A  and to—e Thereforel = 2A2_ c
- 20— f
One has likewise e =1 to 2A al to —f Therefore e = 5
. . 3A—g
Likewise f=1 to 3A and to —yg Therefore f = 5
A —
Likewise g=1 to 3A and to —h Therefore g = 5 5 h

AN—i . AN —k

And thus in sequerd, = Rk 5

5t is actually a question of the first Proposition.
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One has therefore

whence it follows:

1 1
_a:_

2974 16

A+%A—3A+

1oA— f
32
—3A+yg
64
3A —h
128
—4A +1i
256
+4A — k o
512 ’ '
2 3 3 4 4
—A - —A A — A
32 64 - 128 256 o 512

512
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but this last quantity, represented here@k , beconfiegaly small if the
sequence continues indefinitely, because, since onerddesse yet so many
ducats as one has set, it follows that is lessaharducat o\ , and less than
2A, and f less thadA , and less thah , &nd less ihan ut thé
denominator of the fraction rises in the double propogi 4, 8, 16, etc. Hence
it is necessary, as it has been said, that theglaantity, being hereB%k :
becomes finally as small as one wishes it: it mostefore be counted for zero.
One has therefore

1 1. 1 2 2 3 3 4 4
a=ca—-A+-A— A4 A2 . _ .
@=50- JA+T AT AT AT AT g2 T 52 T s T 1024° O
to infinity.

Next one sees here that the quantities where  eamidra/hich are preceded
by + are to those precededby as1listo 2.

But, as for those which are preceded-by , their sunaisanbe written as it
follows:
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1 1 1 1

— ZA_ ¥A— %A_ 2516A mAetc.
— EA — 61—4A — %A mAetc.
— 6—4A — %A mAetc.
— %A @Aetc.
mAetc
because all this together is equal-to; A — 2 A — ZA — LA — 10524A etc.

Now, in the superior series, since each quantlty wioithddws |s 2 of the one
which precedes it, these quantities will be all togetheg of the first, that is to
say—+A. Their sum will be therefore: A

Likewise the second series is 3  of its first quantity: A. ndAthus

throughout, each series being % of its first quantityesults from it that all
the series
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together are equal té of the slanting series whidlorimed by all the first
guantities and which is identical to the superior seiesd. this last is equal to
—3A; consequently all the series together are equdl to —iak, this which
makes—%A . Thus therefore the quantities of the precedingieguathereA
enters and which are preceded-by , have for s@m ; s there to those
which are preceded by as 2 is to 1. It follows thaséhareceded by- make
together + %A . If one subtracts from those affected by-thsgn, one obtains
“2A,

One has therefore the equation = ja — A, orelse = —3A , or finally
a = 3-A, and it follows that A, who casts first, losg¢s aaducaf®

6 The problem is therefore resolved. We add that somkereaages in the same
Manuscript (pages 38-42) one encounters some calculatides, t& March 1665, by which
Huygens, without succeeding to resolve the problem, whetcalls “quaestio difficillima,”
enclose the value of the advantage of the second ayéthin some limits more and more
narrowed.

Now, because of their confused and incomplete writingyatld be very difficult to
reproduce these calculations. We limit ourselves therefgive a résumé of it.

We note, to this effect, that the equations which oae deduce from the successive
expressions for-a can be written:

3 1 11 1. 1 1 1
= b= — A+ ce=-A—~d=—-A+ —c.
R0 = TRt m AT e TRl T AT e
6 1 15 1
R A T YU

It follows from it;
b=3a;c=A—06a;d=12a — A; ¢ = 4A — 24a; f = 48a — 6A; g = 15A — 96a;
h =192a — 27A; i = 58A — 384a; k = 768a — 112A; | = 229A — 1536¢;
m = 3072a — 453A; n = 912A — 6144a; o = 12288a — 1818A; p = 3643A — 24576a.
In these equations the coefficientsaof constituteangéric sequence and the formation
of the coefficients of\ is easily explicated by thikoiming algorithm:

4x2-2=6
6x2+3=15
15x2-3=27

27 x 244 = 58, etc.

We see now in what manner, among others, the tweetidimits have been obtained by
Huygens. We consider to this effect first the advantagéthe one who casts first when he has



4 2 1 4
— or ——=A=_—-A—- -0 =-A
¢ 27" 2 b =g
—lb or 2, —lA n 1 B lA advantage of the one who casts
2 97 4 19 Ty when one has set 1 against 1
1 1 1 1 7
— or —A=-A-—-— =-A
1¢ 562080 gl 17y
1 7 1 1 4
—=d or —A=-A =—-A n hae = b.
3 97 3 + 166, e 9 ote thak = b

s set into the game 6 ducats against 6 which have beby #& other player. It is clear that
one will haven = 3A + 3(—o) , and likewise = 33A + £(—p) ; henee= 2A+1p . Now,
one has evidentlp > n, since the stake is greatest ircdke in which the advantage is
returned. It results from itv > 2A+ in  and consequently- JA  ; but 6A —2n
thereforeo < §A . One deduces from #288a — 1818A < 5A , or else S 0ZA.

Hence from the assumptign> 0 , one can deduce in the sameemfrom the equations
0=31A+1(-p) and p=31A+1(—q) the relatonp <IA , whence it follows
3643A — 24576a < LA, or elseq > 2 OLA

One finds therefore at last:

5462 5461
36864~ ~ 7 36864

It is true, that on the last of the pages cited from Manuscript, Huygens verified if, in
effect:

5462 4 5461

36364 ~ 27~ 36864

but this little calculation has probably been added :ﬂftervalue;—7 had been found by another
method.

Moreover Huygens has calculated the superior I%%A > a agpianother method,
that is to say by employing directly the relation> n, ethi can be written
3643A — 24576a > 912A — 6144a.
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§27

By the aid of the calculation which precedes one witlarstand easily also
the calculation of the question posed on pade 1. But thishvibllows will
serve to explicate more in detail this last calcutatishen we write I — b and
2 + k”,9 this expresses briefly that one has “one chaoc@ave—b and two
chances to have- £ .” And thus hence. In this calculdtiogpresents a ducat,
or else that which is set each time.

7 This paragraph contains the explication of the calarativhich we have reproduced in
Appendix Il1.

8 See page 102.

9 See page 103.
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The calculation is continued pages 2 arid 3. At the begimfipgge 2 one
findsa = %a increased by all the quantities of the two dediogrseries wheré
enterstl P. 3 contains in first place the continuatibtihe previous assumptions
which begin on page 1 and for which there was not enauglate on this page.
Next the quantities of the series B of page 2, wiieretergrand which are
affected of the+ sign are added to page 3 by the aid dhémeem which one
finds at the top of this pagé. Now, in noticing the preiparof these quantities
to those indicated — of the same series B and to thifseted with the- sign
and with the+ sign of the other series A, one detesrate the sums of these
last quantities. It results from it that one can repie equation of page 2 by:
20 — 25 = q and finally by—a = 2%I6. This which was just said that , that
is to say the advantage of J. who casts first whexretis yet nothing in the game,
is equal to%é. Thus, although this advantage was supposecegagve, that
is that it would be J. who would lose, one finds newdels that he win% of a

ducat.

10 See pages 104-107.
11 See on page 104 the equatior- ;b — 2k and on page 105 the expressioharior
2
— k.
3
12 See page 106.

10
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§313

On page 18 the number of tokens of B was posed , of whighite
and black; so thap + ¢ = w . This question is resolved firspages 10, 11
and 125 according to that which was propo¥ed. The propasfignto ¢ is
determined by the equatien= %+ + ¢/37¢,17  so that it can not be define
by some number® In the equation which begins at theofqage 11a is
equal to all the quantities of the two descending sevieste A enters, increased
by the expressiorf;%“ which one finds above of the sermarked B9 But
because one desires that the chances of the twoglayer

13 Explication of the calculations which one finds in ApgienlV, pages 108-115 of T. 14.

14 See page 109.

15 That is to say following the manner in which thelpean was proposed by Hudde who
supposed that the player A must choose among 2 white aadKi tbkens.

16 See 81 (pages 108-113) of Appendix IV, where one must substitatgwbere
0 =2,\ =1 in order to find again the expressions which are reladeghe problem such as it
was posed by Hudde.

17Read:3¢ + §4/73¢¢ and compare page 113.

18 One discovers this manner to indicate the incommabgiof a ratio in the work of
Euclid, See Prop. 7 of Book X, where one reads: “Inconsuebiles magnitudines inter se
proportionem non habent, quam numerus ad numerum.” (page 21& 607 edition of the
Elements by Clavius.)

19 See on page 111 the first term of the second membérederies for‘% , Where it is

always necessary to substitdte- 2, A = 1, p = 3.

11
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are equal, one has therefare= 0. And, hence, one has%—"fﬁlgg 0. This is
why this expression is supposed equal to zero in the equahich one finds at
the base of page 2. And one wil note that this equationains only the
sums of the quantities, wherte  enters, of the descesdies A and B. And
because one had= —3b+ 2k?!  and that must=b® , it follows that on
must have alse-1b+ 2k =0 , or elsh = 3k.  Consequently, all the  and
the — quantities, containindg , of the series A mustduakafter changing the
sign to + and to- of the quantities, containihg , ofdbges B, as we have
poségd in the equation at the base of page 11, which equstiprised on page
12:

On the same pages 10 and 11 we have begun the Calculatloe gdneral
question, after which the number of tokens, namelydn fwhich A draws his,
was posed= p , and the number of white tokens (being-2) phhbtck
(being 1) =X ; so thatt + A =p . And to this calculation are eslathe
guantities that we have surrounded by

20 |t concerns the equation) + 32 = 0 — 22 (page 112), where rather f@mwthich

0
one deduces by posiriig= 2, A = 1
21 See the last line of page 110.
22 See on pages 112-113 the successive reductions of the eduiafi@stion.

12
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the circles on pages 10 and21. And the calculation isrc@ation pages 14
and 15, where the Rule is deduced which gives the genetsiosobf this
guestion, namely: to make so that the chances becquoase that is to say
0b = — o+ 35 + 52

Next | have wished to calculate ab, for the geneaak, what are the
chances of two players when the number of white aaklibkens of each of the
2 players is givengeteris positis ut prius , that is to say: what is the atgnor
the disadvantage of A who casts first. This calculatan easily be deduced
from the preceding equation of page?f4, but one must newesshegek then,
for one of the descending series A or B, the sum ofjtiaatities wheré\  enters
which are affected with the-  sign or with the  sighu3'| have determined
in the present case the of the series B. This edionl begins towards the
end of page & and continues to page 16, where this sum © fyuthe
theorem which one encounters at the top of pagé 3; kmmes then also the
sums of the+ and of thee of the other quantities ostres A and B, since
the proportions which the ones to the others hav&rayen and indicated at the
right side

23 These are those quantities which we have reproducedges 189-114 to the exclusion
of those which are related to the particular solution.

24 See page 112 after the first line.

25t concerns 82 of Appendix IV, pages 113-115.

26 See the last line of page 110.

27 See the beginning of 82 on page 113.

28 See the Theorem on page 106.

13
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of page 149 Whence one deduces the rule from page 16 towardadffe
where the quantity-%%  proceeding from the equation at theofpage 141

pw
Indeed, here this quantity is no longer equal to zeragdginis not thus for
Perhaps the equation which summarizes this rule towhedsrtd of page 1%
could it be divided, if one replaced throughqut oy A and o¢byvy
guantities which are equal to them according to that wkie have posed
above33

29 See page 112 after the first line.

30 See the first Rule on page 114.

31 The equatiom = —22 4 %, wher& = ‘Z/—:’ + % ; see pages 110-111.

32 See the first Rule on page 114.

33 See page 109. We remark that in the case where one sisibrdwould be possible the
numerator of the fraction which is equakite- ‘;‘/—:’ accordmthe first Rule of page 114 must
contain a rational factor, but that it is easy talklssh that it is not so.

Indeed, if one supposes= 0 , it is necessary that this ratondye equal to zero, that is to

say that one has:
00w — Apwop + OAw) — A0 = 0.

This equation must therefore bring forth, beyond thentenxsd solutions which would
depend on the suspected factor, the irrational solutitimegproblem treated in 81 of Appendix
IV (pages 108-113). Now, this last solution is expressedéygdgation which summarizes the
Rule of page 112 and which can be written:

AP + Appyp — 00y — Bpyp = 0.

The equality of the degree of the first members ofeheguations with respect to the
quantitiesd, A\, p, ¢,1¥,w prove already that the numerator in questi@s #ot contain a
supplementary factor. Besides the complete identity ®fttéio equations is easily verified by
substituting into the firsp +¢ fap .

14
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§434

In the question of heads or tails page321, one wishesaw kow much
each player must set at the beginning (each the same sumhat A, who casts
first, had a chance as good as B. It comes: éach dadat.

Let z be that which each set since the beginning.

A, who casts first, has 1 chance to obtain , and haeh&o putA3® in
addition to his stake and to let the other cast;whigh is worth to him—c.
Consequently, this is worth  to B. And one will have- 1 chance to obtain
A+ z and 1 chance to s&& + z  agaidst z and to let the othertbas
which is worth—d to B. And thus consecutively:

34 This paragraph, taken from page 63 of Manuscript C (numberedy 18uygens),
contains the solution of a problem posed by Huygenssitetter to Hudde of 10 May 1665.

35 See page 116.

36 That is to say, a ducat.

15
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Z—cC 1 1 1
= — — —A - —[A
Ty 17 16° 6o
—A—z+d37 1 1
——A—-—[A
4 16 64[ ]
A+z—e 1
=~ = ——A38
8 64[ ]
4
A — _ 39
A+ f 9A_the A .
16 SA:the—l—A
2A+2z—g 2
_ ——A = th — A
) 9 the + and
3 1 1
—3A—Z+h ZOfi[Z]:g,Z: the — 2 -
1
64 éz:the—i-z
3A+2—14 1
~° _Z,th _
128 6zte+ and— z

37 By this notation Huygens indicates that one can repldc by%
38 The sum of these quantities represent the series-“0f ” that is to say of the negative
terms of the expression fera.

39 Compare pages 121-122.

16
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—a =3z — 2z — 5A = 0%0 because we suppose that s zero, so that the

chance is equal for the two players.

—ZA
*73

§541

15 July 1665.

On pages 19 and 20 we have attempted the solution of thevifg
guestion, which will be resolved here:

A and B cast in turn heads or tails, under the conditiahthe one who casts
tails will set each time one ducat into the stakethetone who casts heads will
receive each time one ducat if something has beendstakel A will cast the
first when there is yet nothing in the stake, andgame will not end before
something has been staked, and one will play until tHathwvall has been
removed. One demands what is the advantage of A. Ari)sw{ea ducat.

40 That is to say by supposing that the last term, as ﬁgr approaches indefinitely to
zero; compare page 120.

41 This paragraph contains the solution of a problem dtlwiHuygens and Hudde are
occupied in the months of July and August 1665.

42 These pages contain the calculations which corresponghit with those which are
going to follow, but which have not been terminated.

17
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([ —a  be the advantage of the one who has $et againgt
+b 0 1
+c 1 1
+d 1 2
+e 2 2

Let < ny 5 3 » and

+ g 3 3
+h 3 4
+1 4 4

|k 4 5

who must cast3

Hence, the one who does not cast has the advartage ecaude that which
the one wins, the other loses it, and who must cast.

Let A = aducat.

—a =1chanceto+a andl1lchancetd6? bv=1 Ao and2¢d*®

—b A —
Hence—a = aT; 3a=0b Henceb = 5 ¢

43 In order to define from the first the sense attadheHuygens to the quantitiés c, d,
etc. we callz,, the part due to the one who must cast, fivhen the concern is to share,
without terminating the game, a stake\ (A = one ducat), wkitdrmed during the game.
One will have then: b=z, c=a0—A,d=x3—A,e=uz4—2A, f=ux;5—2A,
g=x6—3A, h =27 —3A,i=ux3—4A, k =x9 —4A. On the contrary the advantages
(taken in the sense of Huygens) of the other playdr beilrespectivelyy’ = (A — z1) — A
(since one must subtract the ducat set by himsef)-b; ¢/ = (2A — ) — A = —¢;

d = BA—1z3) —2A = —d; ¢ = (4A —x4) —2A = — ¢, etc. Here and in the notes which
follow we will accept this hypothesis without whichetlieasonings of Huygens lose their
validity.

44 That is to say, but = —b.

45Since one hag = —c.

18
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Next ¢ is equal to a chance to hake- b and 1 to hate théoreason
that the one who casts heads when there is 1 agaimsthe game can be
assessed to have won the ducat which the other hasdé¢b leave his proper
ducat to the stake: that which is 1 against 0O, the difere casting, and this is
worth —b to the one who must not cast; so that thert&erefore 1 chance to
haveA — b, and 1 to haved , that is to say: to set 2 aghiastl to leave the
other to cast. This is why= &4=2~¢

Likewised =1 toA —c¢ and 1 to—e ; thug = &=c=¢ and in the same

[ o

manner one finds net& e = A_;l /
A—e—g
f= 2
CA—f—h
9= 7
A—g—i
h= 2
O A—h—k
YT
A—7—1
k= 2

46Under the reservation which we have formulated in rtbee 43 from page 133, the
reasoning which leads to the mentioned equations ieatoin order to apply it it suffices to
suppose that the player who casts heads takes alwaysf tdme ducats which belong to the
stake of the other player. However this assumptionsesm a little artificial. It is therefore
perhaps not useless to remark that all these equatibes, @ne substitutes the values ot
d, etc. indicated in the same note on page 133, are redusain® particular cases of the
equationz,, = mA — $x,,_1 — $z,41 ; an equation which results from the definitén:,,
such as we have given in the note cited, since oneeVidsntly hence from this definition
Ty = %A + %{(m — DA =z} — %A + %{(m + DA — 241}

19
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One has therefore- ¢ = CLT

_A ) A
4+ €. one has found above; = 4+ € 47

+A-b—-a
8
o i
16
+A-d-f
32
—Atety
64
+A-f-h
128
—Atgti
256
+A-h-Fk
512

47 See page 133.

20
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1

. 1 1 1
that is to say-a = —a — gA — gb — —=d

A ’ A—-1b d8
butd = % andec = %
Therefored = %A - iA + ib + id — %e
—%d:—iA—ib—l-l%e
likewisee = W add = %A + %b - %e
Thereforee = %A — éA — %b—i— %e — %f
1 1 1 1

¢ w16

A—e—g 1 1 3
f_Tande_iA—Zb—Zf
1 1 1 3 1
=-A—-A+-b+-f—=
Thereforef 5 1 + 8b+ 8f 59
1 1 1 1

LA b —
167 = 20" "zt 307

21
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g:#andfng—l-%b—%g
Thereforeg = %A— %A— 11—0b+§g— %h
9= 0% 10t~ 32"
h:#andg:%A—%b—gh
Thereforeh = %A— iA—i— 11—2b—|— 15—2h— %z
1 1
_ih:_%A_@b+ %i
z‘:%andhng—l—%b—gi
Therefore; = %A— 13—4A— 11—4b+ %i— %kz
(TN WA

28" 56 294" 32

22
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1

1 1 1
h heref =—-a—-A——-b——
One has therefore 2a 8b Sd

8
1

1 1
Aty L8
21> T 2P T e

1 1

1
YT LA T

1 1
oA g —
202 " 30 T 207

|+ 207
20
1 1 1
EA—lf—Ob—%h
—%f—@b—k
562 " 92

48This notation indicates that one can replagel

23

1

i.
28’

1
b—3—2kz

byalise, found above on page 136.
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A B
. 1 1 1
Thatlstosay—azia —glA—gbl
%A—%b
%A—le—ggb
ﬁ—OA—%b
+%A—ﬂb—3—2kz

The last quantity, her%%k , becomes infinitely smafices k4% does not
become infinitely great, because if one has setasingle ducat more than

49 Consult on the precise signification of the notepage 133. One can further define
2k — A as thedifference of the mathematical expectations of theptagers in the case where
they would have divided between them a stake of nine dacatsding to the rules of the game
in question. On the other hafidl is equal to the differ@fthe expectations in the case where
there are eight ducats in the stake.

24
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the other, it is rather evident that in this gamelds®s no more than 1 or 2
ducats, but the divisor (being here 32) becomes infinge#at, increasing each
time by 4. Consequently the last quantity (hgrle ) musbbeated for O, if one
supposes that one has continued the calculation totynfidne finds therefore
—a = 1a — the series under A-  the series under B.

But in the series under A all the- are equal to all the with the

exception of the first term A . One has therefore= ja — A —  sties
under B which one must continue to infinity.
But the series under B IS % of the series:

—3b—3b—$b— £5b— +-b— 5:b — b &c. And this series is equal te2b  as

we will indicate it below (pages 28, 29,%80 ), the divisofshese fractions
being the triangular numbers

50 See §6 which follows (pages 144-150) and especially the hptge 144.

25
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beginning with the first. Andi of-2b is—1b. One has therefo
—a=ja— §A — by —6a = —1A — b;butb = 3a. see page Z;a = ;A.
A, who casts first, loses therefo%e of a ducat.
One has therefore= :tA  and=3 b+=1A, But 2.  See page 25.
%A = A;C; A=A —¢, ¢c=0; thus, if one has set 1 against 1 the chances
are equal. Bute =424 =0; A=b+d, and=3A;iA=d, hence
d = b, that is to say: these chances are equal; nametywtiieh one has when
one has set 0 against 1 or 1 against 2 and that one raust ca

51 See page 133.

26
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Butd = 4= 1A = 2==¢; pute = 0; A =1A—1le,e=0; so that if

there is 2 against 2 in the stake the chances areemei

But ¢ = 2=/ hence®~~L =0 ; thereford =d + f, but=
TA = f. Thereforef =d =b .
And one can find next the other chances in the samenen. They are

alternately= 0 and= 1A.

It would be necessary to examine if in this questiom avuld not arrive to a
certain result by a shorter path. This would be smé ocould conclude that the
chances are equal when one has set 1 agatdst 1. Swedbding pagé3

A

Y

N [—=

52 One can, in effect, arrive to this conclusion byeay short path. We take to this effect
the notations of the note on page 133. Let therefpre thdenathematical expectation of the
player who must cast (that is to say the part whiduisto him from the two ducats which are
found in the stake) and let A be this player. One caielithe game into two periods of which
the first extends to the moment where for the firsetthe stake is reduced to a single ducat.
The second period extends from this instant to the erldeofjame, and it is evident that the
total mathematical expectation  is equal to the surhephrtial mathematical expectations
concerning the two periods. Now, the expectation corregrine first period is the same as if
there were only a single ducat in the stake and if cageglto the depletion of the stake; it is
therefore equal t@; . As for the second period, it isagetthat when it begins it will be B who
must cast (since it is always his turn to cast wihenntumber of ducats in the stake is odd.) The
expectation of B will be therefore;, , an¥l— x; that of fende,zo =z + A — 21 = A .
The advantage of A, in the sense that Huygens attachésereforec = xo — A =0 ; that
which it was necessary to prove.

53 The reasoning which is going to follow was writtenHiyygens on the preceding page
of the Manuscript in a space which until then wasJaftant.
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The chances of 2 or of many players are equal or eguivifithe game is
such that when one plays to the end with an equal suagesson neither wins
nor loses: And that a like excess of good chance brsgsnuch gain or
advantage to the one as it brings to another of them.

If results from it that if, in the game of which we=dt here, one has set 1
against 1 (because if A casts heads and B likewise, takeb a ducat and the
game is endéd ) or 2 against 2, or 3 against 3, etc.,hbatthe chances of
players A and B are equdl. Now, if one has set 0 agdiasd if A must play
first, we have posed for his loss:

1 chance to+ a If he casts heads
= 1 chance to-b if he casts tails and if he must theeedetA ;

but

1 chance to-A if B comes to cast heads
—b =< 1chance td , that is to say neither gain nor loss,
| if B casts tails and if he nstiset 1 against 1.

54 This phrase is found in the margin of the Manuscript.

55 This reasoning cannot be entirely satisfactory tigygéns. It seems to us that one must
rather consider this part of the present Piece aswésfmoal annotation on which he had place
perhaps to review.

28



[144]

1toa A
Therefore ¢ = £2=.

Therefore— b = —3A. Hencea = { )

1
la— —-A.
L7 2
Therefore3a = 1A. Andi = %A . As in the other solution.

§6.56

1. In order to find the triangle of a given number one d@ddsnumber to its
square; the half of this sum is the sought triangle thesetresults from the
figure at the side, because if one adds to the number A@BDis to say to the
square of the number AB, again one time the numbereofiita AB, one has
twice the number of the triangle ACB. Hence, the bathe aforementioned sum
must be equal to the triangle ACB which is the triargdléhe number AB. Let
thereforex be the side, then the trianglé%js”.

56 This paragraph teaches to sum the series of reciprakags of the triangular numbers.
We have not wished to suppress it since it shows thenamaby which this sum has been
obtained by Huygens; but one knows that one obtains te qubre easily by noting that

oo = = + 727 and that, consequently, the series is reduceditd — 3 + 5 — § + 7 - 2

etc.
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4 5 6 7 8 9 10 11 12 13 14 15
o+ttt tro ittt 1t b
28 36 45 55 66 78 91 105 120

— = =
Wl Do
D= W

[S—y

0

[S—y

5 2

—_

2. This sequence of fractional numbers is such thahallnumerators are
equal to unity, and that the denominators are the sueedsangular numbers
of the numbers which one has written above, in beginwith 1 and increasing
each time by 1: if of these fractions on adds two ssiee of them, of which the
first is such that the denominator is the triangl@meven number, then the sum
will be equal to the half of a fraction of the sanegeence, of which the
denominator is the triangle of the half of the numbé&rwhich the triangle
constitutes the denominator of the first of the tvaxtfions which one has added.
For example, in adding the fractio% aggd , belonginditoseries, their sum
will be 35, that is to say the half of the fractign of,which the denominator is
the triangle of 5, that is to say of the half of 10wdfich the triangle 55 is the
denominator of the first of the 2 fractions; becaustthe side of the triangle
which constitutes the denominator of the first fracti= «, then its triangle, that
is to say the
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denominator of the first fraction, is equal ¥~ and ftre¢ fraction to mir .
Since the side of the denominator of the fractionciviiollows will be x + 1.
Therefore its triangle, which is the denominator ltd second fraction, will be

wi3rt2 - Consequently the fraction which follows will be2— n drder to

TT+3r+2
make the addition of this fraction to the firsf— , on#l note that their
common denominator is* + 3zz + 2z and their sypt-t5- that is to say
ix;%' Now, by taking the side equal t%)x , that which will reser@ a whole
1 1
number sincer is supposed even, its trianglé“is*=  laar+ iz ceden

7la’a“l+l;r will constitute the fraction of which the denominai®the
Tro+ 1z
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triangle of the half of the side  of which the trismglas the denominator of the
first fraction —2— . Now, in effect,— , that is to salget sum of the two

1 1
fractions,is equal to the half of—wilr , that which it wascessary to
T+ Tz
demonstrate.

3. If now one forms likewise a sequence of fractiongkvhare proportional
to those of the preceding triangular sequence, it isigdtiat, since the sum of
two successive fractions of the triangular sequencegusldo the half of the
fraction indicated above, the sum of the 2 fractiongertional to the 2 said

fractions will be equal to the half of the fractioroportional to the aforesaid
fraction.

1 1 1

4 5 For example, sinc — = the half that is to sa
) P 9" 15 o Y
1 1 1 1 . . . . .
5§ 10 o equal toé , one will have also in the inferior progmmal sequence
1 1 1 1 1 1 1
— — — — 4+ — = the half of— , that is to say equalte.
24 40 60 40 60 12 y equalfy

§|,_.w|>—t o
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4. In the sequence of fractions of which the denomisadoe the successive
triangular numbers and the numerators always 1, the sutheofotal series
prolonged to infinity is equal to 2.

4

5
L L
15

12
.
1 3 10

D= W

N | =
| =
—
(S
(S~
o
w
o
W
(S
A
D

We suppose that the first sequence continues to inénitiythat the second
sequence is composed of the sums of the fractions difsheequence, taken 2
by 2, in a manner that the smallest denominator ct @air is the triangle of an
even number. Then the numbers of the second sequencaceoeding to the
second propositioR! the halves

57 See on page 145 the line numbered 2.
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of the numbers of the first sequence, taken in the samber. If now the '3
sequence is composed anew of the sums of the numbens @Mt sequence,
taken 2 by 2, by leaving again from the first side oséheumbers, the numbers
of the 39 sequence will be, according to the third projowsi8 each the half of
the number of the"? sequence.

And likewise, if the # sequence is composed of the sureadf pair of 2
numbers of the'8 sequence, leaving from the first sidepumbers of this™
sequence will be each the half of those of the 3 segueknd in the same
manner one will treat all the inferior sequencestinity.

Now, it follows that the first number of the secomdjgence, that is to s%y ,
is the sum of the 2 numbers of the first sequence whitdw after the first
number.

And that the first number of the'¥3 sequence is the sfish bumbers
following from the first sequence.

And that the first number of the"4 sequence is the sti® pumbers
following from the first sequence.

And likewise that the first number of th&5 sequenckbeilthe sum of 16
numbers following from the first sequence, etc.

58 See page 146, the line numbered 3.
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Since therefore the first numbers of the sequencestitde the sum of all
the numbers of the first sequence, and since one hamdeated that these first
numbers of the sequences are each the half of thevlucle precedes, and since,
consequently, all together to infinity are equal to 2#rthe first numbe} , there
results from it that all the numbers of the first semaetogether are alse- 2
times1 , that is to say= 2.  That which it was necessagemonstrate.
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