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Power variation of a function

Let f be a regulated function on [0,77, i.e. there exist limits

f(t=):=1lim f(x) and f(s+):=lim f(z)
zt zls

foreach 0 <s<t<T.
Let A = {\,: n > 1} be a nested sequence of partitions \,, = (t?)?l(g) of
[0, 7] such that U, A, is dense in [0, 7).
Let 1 <p < o0.
We say that f has p-th power A-variation on [0, T, if there is a regulated
function V on [0, 7] such that V(0) =0 and foreach 0 < s <t < T

V() =~ V(s) = lim 3" [F(( A D) Vs) — F(Ey AE)V )P,

=1

V() =V(t=)=[f() = fE)PP and V(s+)=V(s) = |f(s+) = f(s)]-
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p-variation of a function

Let f be a function on [0,7] (must be regulated if it has bounded
p-variation defined next).

Let 1 < p < o0.

The p-variation of f is the quantity v,(f,[0,7]) defined to be

sup {Z |f(t:) — f(tiz1)|P: (ti)7, is a partition of [O,T]} ,
i=1

which may be finite or infinite.
If v,(f,]0,7]) < oo then one says that f has bounded p-variation.
The p-variation index of f is the quantity v(f,[0,7]) defined to be

inf{p > 1: v,(f,[0,T]) < oo}.

if the set is non-empty and defined to be 400 otherwise.
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Example: Wiener process

o Let W ={W(t): t €[0,T]} be a standard Wiener process.
Due to results of N. Wiener (1923) and P. Lévy (1940):

vp(W,[0,T]) < 400 a.s. iff p > 2,

and
v2(W,[0,T]) = 400 a.s.
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Example: Wiener process

o Let W ={W(t): t €[0,T]} be a standard Wiener process.
Due to results of N. Wiener (1923) and P. Lévy (1940):

vp(W,[0,T]) < 400 a.s. iff p > 2,
and
v2(W,[0,T]) = 400 a.s.
@ Thus the p-variation index v(W,[0,7T]) =2 a.s.

@ More precise information can be obtained in terms of ¢-variation,
defined as p-variation except that the power function x — zP, = > 0,
is replaced by a function ¢.

S. J. Taylor (1972): vy, (W, [0,T]) < +00 a. s., where

Y1(x) := 2?/LL(1/z), 0<z <e

Also, vy, (W) = +00 a.s. for any ¢ such that ¢ (z) = o(¢)(x)) as
x| 0.
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Example: fractional Brownian motion

Let By = {Bp(t): t € [0,T]} be a fractional Brownian motion with the

Hurst index H € (0,1), i.e. a Gaussian stochastic process with mean zero
and the covariance function

1
EBg(t)Bu(s) = §(t2H + 82—t —s*) st €[0,7).

Let \, = (t?)?l(g), n € N, be a sequence of partitions of [0, 7] such that

[ max; (" — t?_l)]ll\@H) logn — 0 as n — oo. Then as.

m(n)
. 1/H
Jim 37 |Bi(t}) — Bu(t)|"" = El)/T,
=1

where 7 is a standard normal random variable.

Thus, almost every sample function of By has 1/H power A-variation
t— cpt, t € [0,T).

Also, a.s. vy, (BH,[0,T]) = +oc and v(Bgy, [0,T]) = 1/H.
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Weighted power variation for a Gaussian process

@ Let X = {X(t): t €[0,T]} be a mean zero Gaussian process s.t.
there is a real valued function p defined on [0, 7] and "equivalent” to

h— (E[X(s+h) — X(s)]?)"/?

near zero uniformly in s € [¢,T") for each € > 0.
If X has stationary increments, then one can take

p(h) = (B[X(s + ) — X (s)*)'/2.
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Weighted power variation for a Gaussian process
@ Let X = {X(t): t €[0,T]} be a mean zero Gaussian process s.t.
there is a real valued function p defined on [0, 7] and "equivalent” to
h— (E[X(s +h) — X(s)]?)"/?

near zero uniformly in s € [¢,T") for each € > 0.
If X has stationary increments, then one can take

p(h) = (B[X(s + ) — X (s)*)'/2.

@ Under suitable hypotheses on the covariance of X and for a suitable
set of positive r we proved that a.s.

| X&) - XE )" . . .
MOZ o —m ) =BT )

Mn

where 7 is a standard normal random variable, and ((¢');27) is a
sequence of partitions of [0, 7] such that the mesh max; (¢} —tI ;)
tends to zero as n — oo sufficiently fast.
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Partial sum process

Let X1, X5,... be real random variables. For each n =1,2,..., let S,, be
the n-th partial sum process

Sp(t) == X1+ -+ Xy, t€]0,1],
Thus for each n =1,2,... and t € [0,1],

0, if t € [0,1/n),

S (t) = X1+ -+ Xy, |fte[k k+1),

" ke{l,...,n—1},
X+ -+ Xy, ift:1.
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Partial sum process

Let X1, X5,... be real random variables. For each n =1,2,..., let S,, be
the n-th partial sum process

Sp(t) == X1+ -+ Xy, t€]0,1],
Thus for each n =1,2,... and t € [0,1],

0, if t € 0,1/n),
X1+ + Xy, iftelk k+1),

ke{l,...,n—1},
X1+ + X, fr=1

Then for any p € (0,00),

m
p
vp(Snu [07 1]) = Inax Z ‘Xk]'_l-i-l SF oo aF Xk]- )
=1

where the maximum is taken over 0 = kg < --- < k, =nand 1 < m < n.
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p-variation of partial sum process

@ J. Bretagnolle (1972): given p € (0,2) there exists a finite constant
C) such that

(En: E|X,|P g) Ev,(S,) < C, ZE|X P,
=1

provided X1, Xs,... are independent, E|X;|P < co and EX; =0 if
p> 1.
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p-variation of partial sum process

@ J. Bretagnolle (1972): given p € (0,2) there exists a finite constant
C) such that

n
(Z E|X,|P ) Euvy(Sn) < Cp Y E|XJP,
i=1
provided X1, Xs,... are independent, E|X;|P < co and EX; =0 if
p> 1.
@ Suppose that X;, Xo,... are independent identically distributed real
random variables, EX; = 0 and EX12 = 1. Let Lz := max{1,log =},
z > 0.
J. Qian (1998): boundedness in probability

v2(Sp) = Op(nLLn) asn — oo.
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p-variation of partial sum process

@ J. Bretagnolle (1972): given p € (0,2) there exists a finite constant
C) such that

(ZE|X\ )Evp( <szn:E|Xi\p,

i=1
provided X1, Xs,... are independent, E|X;|P < co and EX; =0 if
p> 1.

@ Suppose that X7, Xo,... are independent identically distributed real
random variables, EX; = 0 and EX12 = 1. Let Lz := max{1,log =},
z > 0.
J. Qian (1998): boundedness in probability

v2(Sp) = Op(nLLn) asn — oo.

@ Also, Op(nLLn) cannot be replaced by o,(nLLn), if in addition
E|X1|?>T¢ < oo for some € > 0.
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p-variation of partial sum process

@ R. Norvaisa and A. Rackauskas (2008): Let X, Xo,... be a
sequence of independent identically distributed random variables and
let S,, be the n-th partial sum process.

The convergence in law (in the sense of Hoffmann-Jgrgensen)

n 128, = oW in Wp[0,1] as n — oo
holds if and only if
EX; =0and 02 := EX12 < 0.

Here W, [0, 1] is the Banach space of functions f on [0, 1] having
bounded p-variation with respect to the norm

£ 11y == 1l Fllsup.fo.1) + vp (S [0, 1) /7.
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n 128, = oW in Wp[0,1] as n — oo
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Here W, [0, 1] is the Banach space of functions f on [0, 1] having
bounded p-variation with respect to the norm

£ 11y == 1l Fllsup.fo.1) + vp (S [0, 1) /7.

@ In particular, the convergence in distribution
n"P20,(Sy, [0,1]) = aPu,(W,[0,1]) as n — oo

holds.
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For a comparison

@ It is interesting to compare this fact with the related convergence of
smoothed partial sum processes with respect to the a-Holder norm.
Let S, be a (random) function obtained from S,, by linear
interpolation between points

GeG) » (G (50)
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For a comparison

@ It is interesting to compare this fact with the related convergence of
smoothed partial sum processes with respect to the a-Holder norm.
Let S, be a (random) function obtained from S,, by linear
interpolation between points

GeG) » (G (50)

k=0,1,...,n—1.
@ A. Ratkauskas and C. Suquet (2004): Let p > 2. Convergence in law

n~Y2S8, = oW in ’H(l)/p[O, 1] as n — o0
holds if and only if

EX; =0 and limy_,o t Pr({| X3 | > t1/271/P}) = 0.
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Why we do what we do?

To develop calculus without probability:

@ analysis of integral equations with respect to rough functions (having
unbounded variation);

@ analysis of nonlinear functionals and operators acting on the Banach
space of functions of bounded p-variation;

@ statistical analysis of the index of p-variation for sample functions of
various stochastic processes.
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